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The purpose of this paper is twofold: (i) to present statistical models that describe particle–turbulence
interactions as well as particle–particle collisions and (ii) to gain a better understanding of the effect
of inter-particle collisions on transport, deposition, and preferential concentration of heavy particles in
turbulent channel flows. The models presented are based on a kinetic equation for the probability density
function of the particle velocity distribution in anisotropic turbulent flow. The model predictions com-
pare reasonable well with numerical simulations and properly reproduce the crucial trends of
computations.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

Two-phase particle-laden flows are encountered in many natu-
ral and industrial situations, and almost without exception these
flows are turbulent. The existing strategies of modeling turbulent
two-phase flows can be subdivided into two groups depending
on the Lagrangian tracking and Eulerian continuum approaches
for handling the particulate phase. In the framework of the
Lagrangian method, the particles are assumed to encounter ran-
domly a series of turbulent eddies, and the macroscopic particle
properties are determined solving stochastic equations along sep-
arate trajectories. As a consequence, even in dilute two-phase
flows, such a method requires tracking a very large number of par-
ticle trajectories to achieve statistically invariant solution. As the
size of particles decreases, the representative number of realiza-
tions should increase because of the increasing contribution of par-
ticle interactions with turbulent eddies of smaller and smaller
scale. When the fraction of the particulate phase rises, the Lagrang-
ian tracking approach also becomes more time-consuming due to
the increased part of inter-particle collisions. Thus, this technique
provides a very useful research tool of investigating particle-laden
flows, but it can be too expensive for engineering calculations.

The Eulerian method deals with the particulate phase in much
the same manner as with the carrier fluid phase. Therefore, the
two-fluid modeling technique is computationally very efficient,
ll rights reserved.

: +7 495 958 1151.
as it allows us to use the governing equations of the same type
for both phases. In addition, the description of fine particles does
not cause great difficulties because the problem of the transport
of particles with vanishing response times reduces to the turbulent
diffusion of a passive impurity (Zaichik, 1999). Moreover, in the
framework of the Eulerian approach, a consideration of inter-parti-
cle collisions is not nearly as time-consuming and complicated as it
is in the framework of Lagrangian simulation. Overall, the Lagrang-
ian tracking and Eulerian continuum modeling methods comple-
ment each other. Each method has its advantages and,
consequently, its own field of application. The Lagrangiam method
is more applicable for non-equilibrium flows (e.g., high-inertia par-
ticles, dilute dispersed media), while the Eulerian method is pref-
erable for flows that are close to equilibrium (e.g., low-inertia
particles, dense dispersed media).

In this paper, we present statistical models for predicting the
transport, dispersion, and deposition of colliding particles in the
framework of the Eulerian continuum approach. The models start
from a kinetic equation for the probability density function (PDF)
of the particle velocity distribution in anisotropic turbulent flow.
Application of this approach provides modeling both the interac-
tion of particles with fluid turbulent eddies and the inter-particle
interaction due to collisions. The particle–turbulence interaction
is modeled by a second-order operator of the Fokker–Planck type,
while the particle–particle interaction is described by an integral
operator of the Boltzmann type. The validity of the models is
proved by comparing predictions with numerical simulations per-
formed in vertical flat channel flows with and without particle
deposition onto the channel wall.
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Nomenclature

dp particle diameter
e collision restitution coefficient
gi gravity acceleration
h channel half-width
Jw deposition flow rate, V2wUw

j+ deposition coefficient, Jw/u�Ub

k turbulence kinetic energy, hu0iu0ii=2
L turbulence spatial macroscale
m turbulence structure parameter, TEu0/L
Rep particle Reynolds number, dp|u � v|/m
Re� Reynolds number, hu�/m
Rek Taylor-scale Reynolds number, ð15u04=evÞ1=2

StE Stokes number, sp/TE

TE Eulerian integral timescale
TL Lagrangian integral timescale
TLp ij eddy–particle interaction timescales
t time
Ui average fluid velocity
Up i average fluid velocity seen by particles
ui fluid velocity
u� wall friction velocity
u02 fluid velocity variance, 2k/3
hu0iu0ji fluid kinetic stresses
Vi average particle velocity

vi particle velocity
v 02 particle velocity variance
hv 0iv 0ji particle kinetic stresses
y wall-normal coordinate
y+ dimensionless wall-normal coordinate, yu�/m
xi spatial coordinate

Greek letters
e turbulence dissipation rate
m fluid kinematic viscosity
q fluid density
sk Kolmogorov timescale, (m/e1=2)
sp particle response time, sp0ð1þ 0:15Re0:687

p Þ�1

sp0 Stokes particle response time, qpd2
p=18qv

s+ particle inertia parameter, sp0u2
�=v

U particle volume fraction
v rebound coefficient

Subscripts
p particle
w wall
1, 2, and 3 longitudinal, wall-normal, and spanwise directions
+ wall units
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One of the most interesting phenomena caused by the interac-
tion of particles with fluid turbulent eddies is the formation of
regions with particle preferential concentration. This is due to
the so-called turbophoresis force induced by fluctuating velocity
gradients (Caporaloni et al., 1975; Reeks, 1983). Marchioli and
Soldati (2002) showed the governing role of coherent turbulent
structures in particle accumulation and analyzed segregation
mechanisms in the near-wall boundary flows. The question of spe-
cial interest is whether the effects of segregation, near-wall accu-
mulation, and collisions on the transport and deposition of
particles can be successfully reproduced using the proposed ap-
proach. This is the primary motivation for the present research.

This paper addresses fluid turbulent flows laden with small hea-
vy identical particles. The particle size is assumed to be less than
the Kolmogorov length scale and the particle mass fraction is as-
sumed to be low in order for the back-effect of particles on the
fluid turbulence to be negligible.

2. Mathematical formulation

The theoretical background of the models is a transport kinetic
equation for the one-particle PDF, P1, that is the probability of find-
ing a particle at a point x, with a velocity v, at time t. This kinetic
equation has the form
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þ v i
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þ @
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The first two terms on the right-hand side of Eq. (1) describe the
interaction of particles with fluid turbulent eddies, and the third
term quantifies the contribution of inter-particle collisions. To
determine the particle–turbulence interaction terms, we model
the fluid turbulence by a Gaussian random process and use the
functional formalism (Zaichik, 1999; Zaichik et al., 2004; Zaichik
and Alipchenkov, 2005). The modeling of the fluid velocity field
by the Gaussian process is the key assumption that allows us to
present the particle–turbulence interaction in the form of a sec-
ond-order differential operator. This operator is expressed in terms
of the turbulent stresses and average velocity gradients of the car-
rier fluid (see Appendix A).

The collision operator is written in the form of the Boltzmann
integral as applied to the hard-sphere collision scheme
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where w � v1 � v is the relative velocity of colliding particles, k is
the unit vector directed along the line that joins the centers of col-
liding particles, P2 is the two-particle PDF, v� and v�1 are the veloc-
ities of two particles after a collision, and the condition w � k < 0
indicates that the integration is carried out over the values of k
and v1 for which particle collisions can be realized.

The kinetic equation completely controls the velocity statistics
of the particulate phase. However, for most practical applications,
the kinetic level of modeling is not only computationally too
expensive, but is also unnecessary because macroscopic properties
are usually all that are needed. Another computationally less
expensive way is to solve the conservation equations for several
first moments of the PDF. The kinetic equation generates the fol-
lowing set of governing conservation equations for the volume
fraction, the average velocity, the kinetic stresses, and the third
fluctuating velocity moments of the particulate phase:
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It is seen that collisions do not make a contribution to Eqs. (3) and
(4) since they do not change the mass and the momentum of the
particulate phase. However, collisions contribute to Eqs. (5) and
(6), as represented by Cij and Cijj. Eq. (6) is closed by means of rep-
resenting the fourth-rank moments as a sum of the products of the
second-order moments.

3. Modeling of collisions

For small volume fractions (U 6 0:01), the direct contribution of
collisions to the stresses and the velocity fluctuation fluxes of the
particle-phase can be neglected. This means that, in the moment-
equations, the collision terms take the form of sources and do
not contain flux-like components. Thus, the collision terms in (5)
and (6) can be represented in the following form (Jenkins and Rich-
man, 1985):
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As follows from (7) and (8), in order to find the collision terms, it is
necessary to determine the PDF of the velocities of two particles at
the instant of collision. For this purpose, we use a statistical approach
based on a Grad-like expansion of the two-particle velocity PDF. The
first term of this expansion gives the Gaussian velocity distribution
which is feasible for isotropic turbulence (Laviéville et al., 1995; Zaic-
hik et al., 2003), whereas the second and third ones provide the con-
tribution of velocity anisotropy to the particulate stresses and the
triple moments. In accordance with the Grad method, the two-parti-
cle PDF is represented as an expansion in the Hermite polynomials.
Note that, as is compared with other basis functions, the advantage
of using the Hermite polynomials consists in the fact that the expan-
sion coefficients can be expressed in terms of the PDF moments of the
considered degree. Thus we represent the two-particle PDF as
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with fu being the coefficient that measures a response of particles to
fluid turbulence, and WLp(s) being the autocorrelation function of
the fluid fluctuating velocities seen by the particles. The particle re-
sponse coefficient fu decreases and tends to zero as sp increases, it
means that the high-inertia particles move with velocities which
are uncorrelated with each other and with the fluid flow.

Substituting (9) into (7) and (8) and performing integration, we
obtain the following expressions for the second- and third-order
collision terms:
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Here, sc and sc1 are the characteristic timescales of particle colli-
sions, and kp � hv 0iv 0ii=2 is the particle kinetic turbulent energy.
The importance of particle–particle collisions relative to particle–
turbulence interactions can be evaluated from the ratio of the par-
ticle response time to the collision timescale, sp/sc. For sp=sc 	 1,
the role of collisions is insignificant, while for sp=sc 
 1 collisions
play a decisive role in forming particle velocity statistics.

In accordance with (10), the effect of collisions on the particu-
late stresses is manifested in two ways: (i) the dissipation of parti-
cle velocity fluctuations due to inelastic collisions and (ii) the
redistribution of the kinetic energy of particle velocity fluctuations
between different components. The second effect is proportional to
the rate of the anisotropy of particle velocity fluctuations and pro-
vides the tendency of hv 0iv 0ji towards an isotropic state. This is sim-
ilar to the effect of pressure fluctuations on the fluid turbulent
stresses (Rotta, 1951).

It should be noted that, in the case of elastic collisions (e = 1),
Laviéville et al. (1997) obtained a more general relation for the sec-
ond-order collision term as compared to (10). The approach of
Laviéville et al. (1997) relied on a Grad-like expansion for the joint
fluid-particle PDF rather than for the two-particle PDF, and it pro-
vided the contribution not only the anisotropy of particle fluctuat-
ing velocities but the anisotropies of fluid velocity fluctuations and
fluid-particle velocity covariances as well. However, this approach
is too cumbersome for obtaining the third-order collision term.
Although the second-order collision terms derived by two ap-
proaches are coincident only in the local-equilibrium approxima-
tion, the results obtained using both of these collision terms are
quite close even in highly non-equilibrium anisotropic flows.

Within the framework of the Grad 13-moment approximation,
the following relation between the triple correlations and their
contractions takes place (Jenkins and Richman, 1985):

hv 0iv 0jv 0ki ¼
1
5
hv 0iv 0nv 0nidjk þ hv 0jv 0nv 0nidik þ hv 0kv 0nv 0nidij
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Inserting (12) into (11) yields

Cijk ¼ �
3ð1� fuÞ

sc2
hv 0iv 0jv 0ki; sc2 ¼

180sc

ð1þ eÞð49� 33eÞ : ð13Þ

It is clear from (13) that the collisions result in a decrease in the tri-
ple correlations of particulate velocity fluctuations. As fu ? 0, for-
mulas (10), (11), and (13) are transformed into those obtained by
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Jenkins and Richman (1985) for the collision terms in the case of
non-correlated chaotic motion of particles. With decreasing particle
inertia, the correlation of motion of two particles increases, this
leads to an enhancement of the particle response coefficient fu

and a reduction in the effect of collisions on velocity statistics of
the particulate phase.

If the terms describing the time evolution, the convection, and
the third-moment generation due to average velocity gradients
are neglected in (6) and Eq. (13) is taken into account, we can ob-
tain the gradient algebraic relation for the third-order particle
velocity fluctuations

hv 0iv 0jv 0ki ¼ �
½1þ ð1� fuÞsp=sc2��1

3

� Dp in

@hv 0jv 0ki
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@hv 0iv 0ji
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Eq. (14)) predicts a reduction in the influence of collisions on
the diffusion transport of velocity fluctuations as the particle iner-
tia decreases and thereby the correlation of particle velocities in-
creases. When the correlation of particle velocities is absent
(fu = 0), Eq. (14) reduces to that obtained by Simonin (1991,
1996) for elastic and inelastic collisions.

Approximation (14) provides modeling the transport of the par-
ticulate phase at the second-moment level. In what follows, we use
the second-moment model presented above to analyze the trans-
port of particles in both the absence and the presence of deposition
onto the channel wall.

4. Boundary conditions

To predict the particle transport and deposition we need
knowledge of boundary conditions for governing equations. Rele-
vant boundary conditions were derived solving the kinetic PDF
equation in the near-wall region of the flow by means of perturba-
tion techniques (Alipchenkov et al., 2001; Zaichik and Alipchenkov,
2001). The particle deposition rate obtained by this means is writ-
ten as

V2w ¼ �
1� v
1þ v

2hv 022 i
p

� �1=2

y¼0
ð15Þ

with v being a probability of particle rebound from the wall and its
return into the flow after collision. The surface is perfectly adsorb-
ing if v = 0, and the particle deposition is absent if v = 1.The bound-
ary conditions for the longitudinal hv 021 i, wall-normal hv 022 i, spanwise
hv 023 i, and shear hv 01v 02i components of the particulate stresses on the
wall (y = 0) have the following form:

sp�
dhv 021 i

dy
¼ 3

1� ve2
1

1þ ve2
1

� 1� v
1þ v

� �
2

phv 022 i

� �1=2

hv 021 i;

sp�
dhv 022 i

dy
¼ 2

1� ve2
2

1þ ve2
2

� 1� v
1þ v

� �
2hv 022 i

p

� �1=2

;

sp�
dhv 023 i

dy
¼ 3

1� ve2
3

1þ ve2
3

� 1� v
1þ v

� �
2

phv 022 i

� �1=2

hv 023 i;

hv 01v 02i ¼ �
1� ve1

1þ ve1
� 1� v

1þ v

� �
2hv 022 i

p

� �1=2

V1w;

ð16Þ

where sp� � spsc2=½spð1� fuÞ þ sc2� denotes the effective particle re-
sponse time, and V1w designates the streamwise wall particle veloc-
ity. In (16), the restitution coefficients e1, e2, and e3 measure the
momentum loss during the bouncing process, respectively, in the
longitudinal, wall-normal, and spanwise directions. The effect of in-
ter-particle collisions on the boundary conditions manifests itself in
virtue of the diffusion transport mechanism by substituting the
effective response time sp� for the response time sp.
5. Particle transport in a vertical channel

First we examine the performance of the particle–turbulence
interaction model for the transport of particles in a vertical flat
channel flow without particle deposition when neglecting inter-
particle collisions. In this case, the model incorporates the govern-
ing Eqs. (3)–(5) with Cij¼0, the third-order approximation (14) with
sc2 =1, and the boundary conditions (15) and (16) with v = 1. The
flow is considered away from the channel inlet and is presumed to
be fully developed. This means that the characteristics of the fluid
and particulate phases are independent of the streamwise coordi-
nate, x1, and are only functions of the normal-wall coordinate,
x2 = y. The set of ordinary differential equations obtained by this
means is solved numerically using the tridiagonal-matrix algo-
rithm along with an iteration procedure.

In order to analyze the effect of particle inertia, we compare
predictions with two sets of numerical simulations performed by
Picciotto et al. (2005) for low-inertia particles and by Rouson and
Eaton (1994), Wang and Squires (1996), and Fukagata et al.
(1998) for high-inertia particles with no consideration of the feed-
back of particles on the fluid flow. In Picciotto et al. (2005), the
gravity force was neglected and the Reynolds number, Re*, was ta-
ken equal to 150. Simulations by Rouson and Eaton (1994), Wang
and Squires (1996), and Fukagata et al. (1998) were carried out
with the gravity force taken into account for the downward flow
at Re* = 180. In these works, the interaction of particles with the
wall was assumed to be elastic. Consequently, when running com-
parisons with the simulations, the restitution coefficients in (16)
were taken equal to unity. Here and hereafter the dimensionless
variables were defined using wall units as follows: U1þ ¼ U1=u�,
V1þ ¼ V1=u�, u0iþ ¼ hu02i i

1=2
=u�, v 0iþ ¼ hv 02i i

1=2
=u�, and y+ = yu�/v; the

particle volume fraction was normalized with its value at the chan-
nel axis, U ¼ U=UðRÞ.Fig. 1 demonstrates the distributions of aver-
age longitudinal velocity, all non-zero components of kinetic
stresses, and particle concentration over the channel cross-section
at relatively small values of inertia parameter s+. As is seen from
Fig. 1a, the average velocity of particles, V1+, slightly deviates from
the fluid velocity, U1+, even at s+ = 25. According to Picciotto et al.
(2005), the particle velocity slightly exceeds the fluid velocity in
the region 1 < y+ < 10; the opposite is true for the region
10 < y+ < 60. In the near-wall region, the particle longitudinal fluc-
tuating velocity exceeds the fluid one (Fig. 1b). As is seen, the max-
imum of v 01þ increases with s+, if not so markedly as this was
suggested in the DNS. It should be noted that, as follows from Eq.
(5), there are two mechanisms of generation of the longitudinal
and shear components of particle kinetic stresses: (i) the genera-
tion of particle velocity fluctuations due to the gradient of average
particle velocity and (ii) the generation resulting from the direct
interaction of particles with fluid turbulent eddies (this is specified
by kij). The growth of v 01þ is explained by the gradient mechanism
of the generation of fluctuations. The wall-normal and spanwise
components of particle velocity fluctuations decrease with increas-
ing particle inertia (Fig. 1c and d). One of the reasons for this is the
absence of the gradient mechanism of the generation of the trans-
verse components of particle velocity fluctuations; the other rea-
son is a weaker response of particles to fluid velocity fluctuations
as their inertia increases. When s+ grows, the magnitude of the
shear stress component first rises over the channel cross-section
due to the gradient generation mechanism and then falls because
of decreasing the response of particles to fluid turbulence
(Fig. 1e). It appears from Fig. 1e that the inertia of particles strongly
alters their distribution over the channel cross-section. Relative to
the case of zero-inertia particles we can observe that the concen-
tration of inertial particles strongly rises in the viscous sub-layer
adjacent to the wall, where the gradient of the wall-normal fluctu-



a b

dc

e f

Fig. 1. Profiles of low-inertia particle characteristics over the channel cross-section: 1 – fluid; 2–7 – particles; 2–4 – predictions; 5–7 – DNS by Picciotto et al. (2005); 2, 5 –
s+ = 1; 3, 6 – s+ = 5; 4, 7 – s+ = 25.
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ating velocity of the carrier fluid reaches its highest value. Some
discrepancies between the predictions and the simulations are
attributable to an error that is introduced by Eq. (14). This approx-
imation of the triple particle fluctuating velocity correlations is
more valid for higher particle inertia when the particle velocity dis-
tribution is nearly Gaussian.

Fig. 2 shows the distributions of particulate characteristics over
the channel cross-section at large values of inertia parameter s+.
The key feature of the average velocity profile is that it becomes
flatter as particle inertia increases (Fig. 2a); this fact was pointed
out in many experimental and numerical studies (e.g., see, Lee
and Durst, 1982; Tsuji et al., 1984). As is clear from Fig. 2b, the
maximum of the longitudinal fluctuating velocity component
shifts towards the wall and the intensity of v 01þ at the wall in-
creases with s+. For high-inertia particles (s+ = 810), we observe a
monotonous increase in v 01þ from the channel axis to the wall
where v 01þ reaches its maximum value, even though the model pre-
dicts a somewhat smaller value of the maximum than that given by
the numerical simulations. Fig. 2c and d shows that, due to the
intensive diffusion transport of velocity fluctuations in the wall-
normal direction, the profiles of v 02þ and v 03þ flatten and tend to
homogeneous distributions with increasing s+. In the case of the
elastic interaction of particles with the wall, the asymptotic distri-
butions of the transverse velocity fluctuation components have the
following form:

lim
sp!0
hv 02i i ¼

1
sph

Z h

0
Tn

Lphu02i idy; i ¼ 2;3:

The shear stress falls off with s+ everywhere over the channel cross-
section (Fig. 2e). This is explained, on the one hand, by a weaker
influence of the gradient mechanism of the generation of velocity
fluctuations due to the flattening of the average velocity profile
and, on the other hand, by decreasing the response of particles to
the turbulent motion of the fluid. Fig. 2f demonstrates a decrease
in the concentration of high-inertia particles near the wall with
s+. This is due to the flattening of the wall-normal fluctuating veloc-
ity profile and the resultant decrease in the turbophoresis driving
force.

As one can observe from Figs. 1 and 2, the model describing the
particle–turbulence interaction reproduces with some degree of
certainty all of the effects found in the numerical simulations for
both low-inertia and high-inertia particles.
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Fig. 2. Profiles of high-inertia particle characteristics over the channel cross-section: 1 – fluid; 2–9 – particles; 2, 3 – predictions; 4, 5 – LES by Wang and Squires (1996); 6, 7 –
DNS by Rouson and Eaton (1994); 8, 9 – LES by Fukagata et al. (1998); 2, 4, 6, 8 – s+ = 117; 3, 5, 7, 9 – s+ = 810.
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6. The effect of collisions on particle transport in a channel flow

Let us now examine the collision model presented in Section 3.
Predictions are compared with LES by Vance et al. (2006) per-
formed with and without inter-particle collisions in the absence
of particle deposition and turbulence modulation by particles. In
the simulations, particle–wall and particle–particle collisions were
taken to be elastic. In this connection, all the restitution coeffi-
cients appearing in the collision terms and the boundary condi-
tions were taken to be equal to unity. The bulk volume fraction,
Ub, was fixed and equal to 2.3 � 10�4.

Fig. 3 shows the effects of particle inertia and inter-particle col-
lisions on the profiles of the average particle streamwise velocity,
the wall-normal particle fluctuating velocity intensity, and the par-
ticle concentration. As is clear from the comparison of the results
exhibited in Fig. 3a and 3b, the collisions exert a strong impact
on the average particle streamwise velocity leading to its flattening
and rising in the near-wall region. The reason is that the inter-par-
ticle collisions enhance the diffusion transport of particle velocity
fluctuations in the normal direction. It should be point to a consid-
erable discrepancy between the predictions and the simulations of
V1+ with no collisions (Fig. 3a). According to Vance et al. (2006), the
average streamwise velocity of high-inertia non-colliding particles
is not too far removed from that of the fluid. We can not explain
this discrepancy because the average streamwise velocities simu-
lated by Vance et al. (2006) are in some contradiction with the
numerical simulations presented in Fig. 2a, which suggested that
V1+ was flattened with s+ for non-colliding particles. However,
the predicted influence of collisions on V1+ is consistent with that
simulated by Vance et al. (2006), although, as can be observed from
Fig. 3b, the model predicts a somewhat less effect of collisions as
compared with the simulated one for s+ = 468.

It is clear from Fig. 3c that both the predictions and the sim-
ulations exhibit a decrease in the wall-normal velocity fluctua-
tions with particle inertia when neglecting inter-particle
collisions. This is due to the fact that high-inertia particles are
less responsive to the velocity fluctuations of fluid turbulence.
The behavior of wall-normal velocity fluctuations is crucial to ex-
plain a tendency of particles with a certain range of inertia to
accumulate in the viscous sub-layer near the wall (Fig. 3e). Due
to a gradient in the intensity of wall-normal velocity fluctuations,
the particles tend to migrate to regions of lower turbulence en-
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Fig. 3. Profiles of particle average streamwise velocity (a, b), wall-normal velocity fluctuations (c, d), and concentration (e, f): a, c, e – non-colliding particles; b, d, f – colliding
particles; 1–3 – predictions; 4–6 – LES by Vance et al. (2006); 1, 4 – s+ = 29; 2, 5 – s+ = 117; 3, 6 – s+ = 468.
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ergy. In other words, the particles are pushed by the gradient of
turbulence intensity towards the wall and ‘‘trapped” in the vis-
cous wall region. Fig. 3d demonstrates a strong influence of col-
lisions on the particle wall-normal velocity fluctuations. Owing to
the mechanism of fluctuation redistribution from the streamwise
velocity component, the wall-normal velocity fluctuations of col-
liding high-inertia particles can become quite large. Note that a
decisive role of collisions in the generation of particle transverse
velocity fluctuations was confirmed in experiments performed by
Caraman et al. (2003) for particle-laden turbulent flow in a round
tube.

Comparison of Fig. 3e and f shows the role of inter-particle col-
lisions on the profile of particle concentration. The main conclusion
drown from this comparison consists in reducing the accumulation
of particles in the near-wall region as a result of collisions. In accor-
dance with the LES of Vance et al. (2006), the model predicts that
inter-particle collisions can lead even to a lesser concentration at
the wall than at the channel axis. The levelling of particle distribu-
tion over the channel cross-section is attributable to intensification
in the turbulent transport of particle velocity fluctuations due to
collisions.
7. Deposition of particles from a channel flow

Finally let us consider the deposition of particles from a turbu-
lent flow in a flat channel. Again, as in Sections 5 and 6, the flow is
presumed to be fully developed. Therefore, all characteristics of the
fluid and particulate phases, except for the particle fraction, can be
treated as functions of the normal-wall coordinate y. The particle
deposition rate, V2w, is assumed to be constant, and hence the par-
ticle fraction falls exponentially with x1. The rebound coefficient
appearing in the boundary conditions (15) and (16) is taken as
zero.

The most remarkable effect of particle deposition on the charac-
teristics of the particulate phase over the channel cross-section
consists in reducing the particle concentration in the near-wall re-
gion. As is seen from Fig. 4, in the absence of deposition, there is a
monotonous increase in the concentration of not-too-high-inertia
particles towards the wall, whereas a maximum of the particle
concentration profile is observed in the viscous sub-layer when
the deposition of such the particles takes place. Thus, the deposi-
tion results in decreasing the particle accumulation effect due to
the removal of particles from the flow. The most pronounced accu-



Fig. 4. Profiles of particle concentration: 1–3 – with deposition; 4–6 – without
deposition; 1, 4 – s+ = 1; 2, 5 – s+ = 10; 3, 6 – s+ = 100.

Fig. 5. The deposition coefficient versus the particle inertia parameter: 1 and 2 –
predictions for non-colliding and colliding particles, 3 – DNS by McLaughlin (1989),
4 – LES by Wang et al. (1997), 5 – DNS by Marchioli et al. (2007).
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mulation of deposing particles is predicted for s+ � 10, which is in
good agreement with the value of s+ obtained in numerical simu-
lations by Chen and McLaughlin (1995) when the maximum of
the particle concentration profile was achieved.

Fig. 5 shows the deposition coefficient, which is the particle
deposition flow rate normalized with the friction velocity and
the bulk particle fraction, as a function of the particle inertia
parameter. Predictions with no collisions (curve 1) are compared
with numerical simulations by McLaughlin (1989), Wang et al.
(1997), and Marchioli et al. (2007). As is clear, there are two dis-
tinctive regions, in which an increase or a decrease in j+ with s+

takes place. The increase in j+ with s+ is due to the turbophoresis
effect induced by the gradient in velocity fluctuations, and the de-
crease in j+ with s+ is caused by a low response of high-inertia par-
ticles to the fluid turbulence. In Fig. 5, the dependence of j+ on s+ is
also depicted when allowing for elastic inter-particle collisions for
Ub = 10�4 (curve 2). The influence of collisions leads to an augmen-
tation of the deposition process, which is in accordance with DNS
performed recently by Nasr et al. (2007). This enhancement of j+

is caused by the increase in the wall-normal fluctuating velocity,
which is mainly responsible for the deposition of particle in turbu-
lent vertical channel flow, due to the redistribution mechanism in-
duced by collisions.
8. Summary

A statistical approach for predicting the transport and deposi-
tion of inertial colliding particles in turbulent flows is advanced.
The approach is based on a kinetic equation for the PDF of particle
velocity distribution. This kinetic equation allows for the particle–
turbulence and particle–particle interactions. The kinetic PDF
equation generates a set of governing equations for the transport
of the particulate phase. The collision terms appearing in governing
equations are obtained using a Grad-like expansion of the two-par-
ticle velocity PDF.

The validity of the models presented is established by means of
comparisons with numerical simulations performed in vertical flat
channel flows with and without both inter-particle collisions and
particle deposition onto the channel wall. On the basis of compar-
isons with numerical simulations, it can be concluded that the
models are able to capture the main features of transport, deposi-
tion, and preferential concentration of non-colliding and colliding
particles in turbulent channel flows.

The main predicted effects of collisions on the particulate phase
consist in flattening the average streamwise velocity, increasing
the transverse fluctuating velocity, and decreasing the preferential
accumulation in the near-wall region of the flow as well al in
enhancing the deposition rate.
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Appendix Particle–turbulence interaction

Using the Furutsu–Donsker–Novikov formula for Gaussian ran-
dom functions and applying an iteration procedure, we can derive
(Zaichik, 1999; Zaichik et al., 2004; Zaichik and Alipchenkov, 2005)

kij ¼ hu0iu0ki
fu kj

sp
þ lu kn

@Uj

@xn
þ spmu kl

@Un

@xl

@Uj

@xn

� �

� 1
2

Dphu0iu0ki
Dt

fu1 kj þ splu1 kn
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� �
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� �
;

where fu ij, gu ij, lu ij, hu ij, mu ij, fu1 ij, gu1 ij, and lu1 ij are the tensor coef-
ficients that measure a response of particles to the fluid turbulence,
i.e., a coupling between the fluid and particulate phases. These are
functions of the particle response time, sp, related to the Lagrangian
timescales of the fluid velocity seen by the particles (the so-called
eddy–particle interaction timescales), TLp ij. For the purpose of fur-
ther simplification, the Lagrangian timescale tensor of fluid turbu-
lence, TL ij, is assumed to be isotropic, TL ij ¼ TLdij. And yet we shall
still take into account the different timescales of particle interaction
with turbulent eddies in different directions – a phenomenon that
arises as a consequence of the ‘‘crossing-trajectories effect” (Csana-
dy, 1963). As a result, we shall still observe the distinction between
the longitudinal (in x1-direction), Tl

Lp, and transverse (in x2- and x3-
directions), Tn

Lp, components of TLp ij. In order to determine the re-
sponse coefficients, it is necessary to specify the autocorrelation
function of the fluid velocity seen by inertial particles. When using
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the two-scale bi-exponential autocorrelation function like that pro-
posed by Sawford (1991), the response coefficients to be needed
take the form

f 1
u ¼

2X1 þ z2
1

2X1 þ 2X2
1 þ z2

1

; g1
u ¼

1
X1
� f 1

u ; l1u ¼ g1
u � f 1

u1

h1
u ¼

2� 4X1 � z2
1

2X2
1

þ 2f 1
u þ f 1

u1; f 1
u1 ¼

ð2X1 þ z2
1Þ

2 � 2X2
1z2

1
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1 þ z2

1Þ
2 ;

g1
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2� z2
1

2X2
1

� f 1
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3 � 6X2

1z4
1 � 8X3

1z2
1 �
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1Þ
3 ;

X1 ¼
sp

T1
Lp

; z1 ¼
sT

T1
Lp

; 1� l; n:

Here sT is the Taylor differential timescale of fluid turbulence that is
determined as (Zaichik et al., 2003)

sT ¼
2Rek

151=2a0

� �1=2

sk; a0 ¼
a01 þ a01Rek

a02 þ Rek
; a01 ¼ 11;

a02 ¼ 205; a01 ¼ 7:

The eddy–particle interaction timescales are determined using the
model presented by Oesterlé and Zaichik (2006)

Tl
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:

For the flows under consideration, the turbulence structure param-
eter is taken as m ¼ 0:5 and the Lagrangian integral timescale is gi-
ven by

TL ¼
a1m
u2
�

� �2

þ a2k
e

� �2
" #1=2

; a1 ¼ 10; a2 ¼ 0:3:

The response coefficient that appears in the collision terms is deter-
mined as

fu ¼
f l
u þ 2f n

u

3
:
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